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1.  (i)   

1
𝑟𝑟 + 1

−
1
𝑟𝑟

+
1
𝑟𝑟2

=
1

𝑟𝑟2(𝑟𝑟 + 1)
[𝑟𝑟2 − 𝑟𝑟(𝑟𝑟 + 1) + (𝑟𝑟 + 1)] 

=
1

𝑟𝑟2(𝑟𝑟 + 1)
[𝑟𝑟2 − 𝑟𝑟2 − 𝑟𝑟 + 𝑟𝑟 + 1] =

1
𝑟𝑟2(𝑟𝑟 + 1) 

*B1 

Thus 

�
1
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1
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𝑟𝑟=1
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1
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= �
1
𝑟𝑟

𝑁𝑁+1

𝑟𝑟=2

−  �
1
𝑟𝑟

𝑁𝑁

𝑟𝑟=1

+ �
1
𝑟𝑟2

𝑁𝑁

𝑟𝑟=1

 

      M1 

=
1

𝑁𝑁 + 1
− 1 + �

1
𝑟𝑟2

𝑁𝑁

𝑟𝑟=1

 

as required.     *A1 

So, as  𝑁𝑁 → ∞ , 

𝐿𝐿𝐿𝐿𝐿𝐿 →�
1

𝑟𝑟2(𝑟𝑟 + 1) ,   
1

𝑁𝑁 + 1
→ 0 , and �

1
𝑟𝑟2

𝑁𝑁

𝑟𝑟=1

→
1
6
𝜋𝜋2 

∞

𝑟𝑟=1

 

and hence  

�
1

𝑟𝑟2(𝑟𝑟 + 1)  =   
1
6
𝜋𝜋2 − 1  

∞

𝑟𝑟=1

 

*B1 (4) 

(ii)      1
𝑟𝑟2(𝑟𝑟+1)(𝑟𝑟+2) = 𝐴𝐴

𝑟𝑟
+ 𝐵𝐵

𝑟𝑟2
+ 𝐶𝐶

𝑟𝑟+1
+ 𝐷𝐷

𝑟𝑟+2
 

      M1 

1 = 𝐴𝐴𝐴𝐴(𝑟𝑟 + 1)(𝑟𝑟 + 2) + 𝐵𝐵(𝑟𝑟 + 1)(𝑟𝑟 + 2) + 𝐶𝐶𝑟𝑟2(𝑟𝑟 + 2) + 𝐷𝐷𝑟𝑟2(𝑟𝑟 + 1) 

𝑟𝑟 = 0   1 = 2𝐵𝐵   𝐵𝐵 =
1
2

 

𝑟𝑟 = −1     1 = 𝐶𝐶 

𝑟𝑟 = −2   1 = −4𝐷𝐷   𝐷𝐷 = −
1
4

 

𝑟𝑟3 terms      0 = 𝐴𝐴 + 𝐶𝐶 + 𝐷𝐷     𝐴𝐴 = −
3
4

   

      M1 A1 (3) 



Thus 

�
1

𝑟𝑟2(𝑟𝑟 + 1)(𝑟𝑟 + 2)

𝑁𝑁

𝑟𝑟=1

= −
3
4
�

1
𝑟𝑟

 
𝑁𝑁

𝑟𝑟=1

+
1
2
�

1
𝑟𝑟2

+
𝑁𝑁

𝑟𝑟=1

�
1

𝑟𝑟 + 1
−

1
4

 �
1

𝑟𝑟 + 2

𝑁𝑁

𝑟𝑟=1

𝑁𝑁

𝑟𝑟=1

 

= −
3
4
�

1
𝑟𝑟

 
𝑁𝑁

𝑟𝑟=1

+
1
2
𝑆𝑆𝑁𝑁 + �

1
𝑟𝑟
−

1
4

 �
1
𝑟𝑟

𝑁𝑁+2

𝑟𝑟=3

𝑁𝑁+1

𝑟𝑟=2

 

      M1 

= −
3
4
−

3
8

+
1
2
𝑆𝑆𝑁𝑁 +

1
2

+
1

𝑁𝑁 + 1
−

1
4

1
𝑁𝑁 + 1

−
1
4

1
𝑁𝑁 + 2

 

      dM1 A1ft 

So 

�
1

𝑟𝑟2(𝑟𝑟 + 1)(𝑟𝑟 + 2)

𝑁𝑁

𝑟𝑟=1

=
1
2
𝑆𝑆𝑁𝑁 +

3
4

1
𝑁𝑁 + 1

−
1
4

1
𝑁𝑁 + 2

−
5
8

 

and taking limits as  𝑁𝑁 → ∞  

      M1 

�
1

𝑟𝑟2(𝑟𝑟 + 1)(𝑟𝑟 + 2) =
1
2

×
1
6
𝜋𝜋2 −

∞

𝑟𝑟=1

5
8

=
1

12
𝜋𝜋2 −

5
8

 

      A1 (5) 

(iii)  

1
𝑟𝑟2(𝑟𝑟 + 1)2 =

𝐴𝐴
𝑟𝑟

+
𝐵𝐵
𝑟𝑟2

+
𝐶𝐶

𝑟𝑟 + 1
+

𝐷𝐷
(𝑟𝑟 + 1)2 

      M1 

1 = 𝐴𝐴𝐴𝐴(𝑟𝑟 + 1)2 + 𝐵𝐵(𝑟𝑟 + 1)2 + 𝐶𝐶𝑟𝑟2(𝑟𝑟 + 1) + 𝐷𝐷𝑟𝑟2 

𝑟𝑟 = 0   1 = 𝐵𝐵   

𝑟𝑟 = −1     1 = 𝐷𝐷 

𝑟𝑟3 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡      0 = 𝐴𝐴 + 𝐶𝐶   

𝑟𝑟2 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡      0 = 2𝐴𝐴 + 𝐵𝐵 + 𝐶𝐶 + 𝐷𝐷  

      M1 

−2 = 2𝐴𝐴 + 𝐶𝐶 

𝐴𝐴 = −2     𝐶𝐶 = 2 

Thus    1
𝑟𝑟2(𝑟𝑟+1)2 = −2

𝑟𝑟
+ 1

𝑟𝑟2
+ 2

𝑟𝑟+1
+ 1

(𝑟𝑟+1)2 

 
A1 (3) 



�
1

𝑟𝑟2(𝑟𝑟 + 1)2 = �
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𝑟𝑟

+ �
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𝑟𝑟2

𝑁𝑁

𝑟𝑟=1
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𝑟𝑟=1
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𝑟𝑟=1

 

= �
−2
𝑟𝑟

+ �
1
𝑟𝑟2

𝑁𝑁

𝑟𝑟=1

+ �
2
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+ �
1
𝑟𝑟2

𝑁𝑁+1

𝑟𝑟=2

𝑁𝑁+1

𝑟𝑟=2

𝑁𝑁

𝑟𝑟=1

 

      M1 

= −2 +
2

𝑁𝑁 + 1
+ 2�

1
𝑟𝑟2

𝑁𝑁

𝑟𝑟=1

− 1 +
1

(𝑁𝑁 + 1)2 

That is 

�
1

𝑟𝑟2(𝑟𝑟 + 1)2 = 2𝑆𝑆𝑁𝑁 − 3 +
2

𝑁𝑁 + 1
+

1
(𝑁𝑁 + 1)2

𝑁𝑁

𝑟𝑟=1

 

      A1 

From part (i), 

�
1

𝑟𝑟2(𝑟𝑟 + 1) =
𝑁𝑁

𝑟𝑟=1

1
𝑁𝑁 + 1

− 1 + �
1
𝑟𝑟2

𝑁𝑁

𝑟𝑟=1

= 𝑆𝑆𝑁𝑁 − 1 +
1

𝑁𝑁 + 1
 

Thus 

�
1

𝑟𝑟2(𝑟𝑟 + 1)2 = 2��
1

𝑟𝑟2(𝑟𝑟 + 1) + 1 −
𝑁𝑁

𝑟𝑟=1

1
𝑁𝑁 + 1

� − 3 +
2

𝑁𝑁 + 1
+

1
(𝑁𝑁 + 1)2

𝑁𝑁

𝑟𝑟=1

 

      M1 

= 2�
1

𝑟𝑟2(𝑟𝑟 + 1) − 1 +
1

(𝑁𝑁 + 1)2

𝑁𝑁

𝑟𝑟=1

 

      A1 

Letting  𝑁𝑁 → ∞ , 

�
1

𝑟𝑟2(𝑟𝑟 + 1)2 = �
2

𝑟𝑟2(𝑟𝑟 + 1) − 1
∞

𝑟𝑟=1

∞

𝑟𝑟=1

 

      B1* (5) 

  



2. (i) (a) 

�4𝑥𝑥2 − 8𝑥𝑥 + 64  ≤ |𝑥𝑥 + 8| 

4𝑥𝑥2 − 8𝑥𝑥 + 64 ≤ (𝑥𝑥 + 8)2 = 𝑥𝑥2 + 16𝑥𝑥 + 64 

Thus  

3𝑥𝑥2 − 24𝑥𝑥 = 3𝑥𝑥(𝑥𝑥 − 8) ≤ 0 

      M1 

G1  or  consideration of intervals M1 

 

[Alternative method   Solve for critical values  M1 

Sketch graph  

   G1 ] 

 

So     0 ≤ 𝑥𝑥 ≤ 8     A1 (3) 

(b) 
�4𝑥𝑥2 − 8𝑥𝑥 + 64  ≤ |3𝑥𝑥 − 8| 

4𝑥𝑥2 − 8𝑥𝑥 + 64 ≤ (3𝑥𝑥 − 8)2 = 9𝑥𝑥2 − 48𝑥𝑥 + 64 

Thus 

5𝑥𝑥2 − 40𝑥𝑥 = 5𝑥𝑥(𝑥𝑥 − 8) ≥ 0 

      M1 



 

GRAPH G1  or  consideration of intervals M1 

 

[Alternative method   Solve for critical values  M1 

Sketch graph 

   G1 ] 

 

So     𝑥𝑥 ≤ 0  or  𝑥𝑥 ≥ 8    A1 (3) 

(ii) (a) 

��4𝑥𝑥2 − 8𝑥𝑥 + 64 + 2(𝑥𝑥 − 1)� 𝑓𝑓(𝑥𝑥) 

= ��4𝑥𝑥2 − 8𝑥𝑥 + 64 + 2(𝑥𝑥 − 1)� ��4𝑥𝑥2 − 8𝑥𝑥 + 64 − 2(𝑥𝑥 − 1)� 

= 4𝑥𝑥2 − 8𝑥𝑥 + 64 − 4𝑥𝑥2 + 8𝑥𝑥 − 4 = 60 

Thus     𝑓𝑓(𝑥𝑥) = 60
�√4𝑥𝑥2−8𝑥𝑥+64+2(𝑥𝑥−1)�

 

and so  𝑓𝑓(𝑥𝑥) → 0   as   𝑥𝑥 → ∞ 

      E1 (1) 



(b)   

 

      G2 (2) 

(iii)  Require one critical value  3, so   3𝑚𝑚 + 𝑐𝑐 = ±5   

      M1  

and as only one critical value choose  𝑚𝑚 = 2  and 𝑐𝑐 = −1, or  𝑚𝑚 = −2  and 𝑐𝑐 = 1 

      dM1 A1 

�4𝑥𝑥2 − 5𝑥𝑥 + 4  ≤ |2𝑥𝑥 − 1| 

4𝑥𝑥2 − 5𝑥𝑥 + 4 ≤ (2𝑥𝑥 − 1)2 = 4𝑥𝑥2 − 4𝑥𝑥 + 1 

Giving  𝑥𝑥 ≥ 3     M1 

     G1 (5) 

  



(iv) To obtain 4 critical values require quadratic to cross x axis and so 

      E1 

𝑥𝑥2 + 𝑝𝑝𝑝𝑝 + 𝑞𝑞 = 𝑚𝑚𝑚𝑚 + 𝑐𝑐 

has roots  -5  and  7  giving   𝑝𝑝 −𝑚𝑚 = −2  and  𝑞𝑞 − 𝑐𝑐 = −35 

      M1 A1 

and 

−(𝑥𝑥2 + 𝑝𝑝𝑝𝑝 + 𝑞𝑞) = 𝑚𝑚𝑚𝑚 + 𝑐𝑐 

has roots  1  and 5  giving  𝑝𝑝 + 𝑚𝑚 = −6   and   𝑞𝑞 + 𝑐𝑐 = 5 

      B1 

Thus,  𝑝𝑝 = −4 , 𝑞𝑞 = −15 ,𝑚𝑚 = −2 , 𝑐𝑐 = 20 

      A1 

     G1 (6) 

  



3. (i) (a) 

𝑦𝑦 = 𝑔𝑔(𝑥𝑥) = ln �1 +
1
𝑥𝑥
� −

𝑥𝑥 + 𝑐𝑐
𝑥𝑥(𝑥𝑥 + 1) = ln(𝑥𝑥 + 1) − ln 𝑥𝑥 −

𝑥𝑥 + 𝑐𝑐
𝑥𝑥(𝑥𝑥 + 1) 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
1

𝑥𝑥 + 1
−

1
𝑥𝑥
−
𝑥𝑥(𝑥𝑥 + 1) − (𝑥𝑥 + 𝑐𝑐)(2𝑥𝑥 + 1)

𝑥𝑥2(𝑥𝑥 + 1)2   

      M1 

=
𝑥𝑥2(𝑥𝑥 + 1) − 𝑥𝑥(𝑥𝑥 + 1)2 − 𝑥𝑥(𝑥𝑥 + 1) + (𝑥𝑥 + 𝑐𝑐)(2𝑥𝑥 + 1)

𝑥𝑥2(𝑥𝑥 + 1)2  

=
(2𝑐𝑐 − 1)𝑥𝑥 + 𝑐𝑐
𝑥𝑥2(𝑥𝑥 + 1)2  

      A1 

When  𝑐𝑐 ≥ 1
2

 , as  𝑥𝑥 > 0 , (2𝑐𝑐 − 1)𝑥𝑥 ≥ 0  , and  𝑐𝑐 > 0  , so the numerator is positive and the  

denominator is a non-zero square so also positive, so  𝑦𝑦 = 𝑔𝑔(𝑥𝑥) has positive gradient. 

      E1 (3) 

(b)  𝑦𝑦 = 𝑔𝑔(𝑥𝑥)  has negative gradient for   0 ≤ 𝑐𝑐 < 1
2

  , if 

(2𝑐𝑐 − 1)𝑥𝑥 + 𝑐𝑐 < 0 

That is  
(2𝑐𝑐 − 1)𝑥𝑥 < −𝑐𝑐 

So 

𝑥𝑥 >
−𝑐𝑐

2𝑐𝑐 − 1
=

𝑐𝑐
1 − 2𝑐𝑐

 

      B1 (1) 

(ii)  (a) 

If   𝑐𝑐 = 3
4

  ,  then from (i) (a) the gradient is positive  

      E1 

and we are given that 𝑔𝑔(𝑥𝑥) → −∞  as  𝑥𝑥 → 0 .  

 The gradient tends to zero as 𝑥𝑥 → ∞ , and to  ∞  as  𝑥𝑥 → 0 . E1 

Also, 𝑔𝑔(𝑥𝑥) → 0  as  𝑥𝑥 → ∞ .   E1 



     G1 (4) 

(b) 

If   𝑐𝑐 = 1
4

  , then from (i)(b) the gradient is negative for    𝑥𝑥 > 1
2

  .   

      B1 

The gradient is zero when  𝑥𝑥 = 1
2

 , and positive when  𝑥𝑥 < 1
2

 , and tending  to zero as 𝑥𝑥 → ∞ , and 
to  ∞  as  𝑥𝑥 → 0.    B1 

Again, we are given that 𝑔𝑔(𝑥𝑥) → −∞  as  𝑥𝑥 → 0 , and  𝑔𝑔(𝑥𝑥) → 0  as  𝑥𝑥 → ∞ . 

There is a turning point (maximum) at  �1
2

 , ln 3 − 1  � = �1
2

 , ln 3
2
  �  which is above the x-axis. 

      M1 A1 

     G1 (5) 

  



(iii) 

𝑓𝑓(𝑥𝑥) = �1 +
1
𝑥𝑥
�
𝑥𝑥+𝑐𝑐

 

ln�𝑓𝑓(𝑥𝑥)� = (𝑥𝑥 + 𝑐𝑐) ln �1 +
1
𝑥𝑥
� 

Thus 

𝑓𝑓′(𝑥𝑥)
𝑓𝑓(𝑥𝑥) = ln �1 +

1
𝑥𝑥
� + (𝑥𝑥 + 𝑐𝑐) �

1
𝑥𝑥 + 1

−
1
𝑥𝑥
� = 𝑔𝑔(𝑥𝑥) 

 

𝑓𝑓′(𝑥𝑥) = 𝑓𝑓(𝑥𝑥)𝑔𝑔(𝑥𝑥) 

      M1 A1 (2) 

Also,  𝑓𝑓(𝑥𝑥)  is positive for  𝑥𝑥 > 0 . 

(a)  As has been demonstrated in (i) (a) and (ii) (a),  𝑔𝑔(𝑥𝑥) < 0   for  𝑥𝑥 > 0  when  𝑐𝑐 ≥ 1
2

  , so  

 𝑓𝑓′(𝑥𝑥) < 0  and f is a decreasing function. E1 

(b) As has been demonstrated in (i) (b) and (ii) (b),  𝑔𝑔(𝑥𝑥) = 0   for some  𝑥𝑥 > 0  when  0 < 𝑐𝑐 < 1
2

  , 
so  𝑓𝑓′(𝑥𝑥) = 0  for some x and f has a turning point. E1 

(c)  When  𝑐𝑐 = 0  ,  

𝑔𝑔′(𝑥𝑥) =
−1

𝑥𝑥(𝑥𝑥 + 1)2 

Is always negative and  → −∞  as  𝑥𝑥 → 0 , and  → 0  as  𝑥𝑥 → ∞ 

      E1 

whilst  𝑔𝑔(𝑥𝑥) → ∞  as  𝑥𝑥 → 0 , and  𝑔𝑔(𝑥𝑥) → 0  as  𝑥𝑥 → ∞ 

so 𝑔𝑔(𝑥𝑥) is positive for all  𝑥𝑥 > 0 ,   E1 

thus  𝑓𝑓′(𝑥𝑥) is too and thus f is an increasing function  

for all  𝑥𝑥 > 0     E1 (5) 

  



4.  (i) 

Suppose  𝑚𝑚1 = tan 𝜃𝜃1  and  𝑚𝑚2 = tan𝜃𝜃2 , where  −1
2
𝜋𝜋 < 𝜃𝜃1, 𝜃𝜃2 ≤

1
2
𝜋𝜋 , then as the angle between 

the lines is  45𝑜𝑜 , 𝜃𝜃1 − 𝜃𝜃2 = ± 1
4
𝜋𝜋 , 𝑜𝑜𝑜𝑜 ± 3

4
𝜋𝜋 .   M1 

Therefore 

tan(𝜃𝜃1 − 𝜃𝜃2) = ±1 

and so 

tan(𝜃𝜃1 − 𝜃𝜃2) =
tan𝜃𝜃1 − tan𝜃𝜃2

1 + tan𝜃𝜃1 tan𝜃𝜃2
= ±1 

      M1 

i.e. 

𝑚𝑚1 −𝑚𝑚2

1 + 𝑚𝑚1𝑚𝑚2
= ±1 

      *A1 (3) 

(ii) 

4𝑎𝑎𝑎𝑎 = 𝑥𝑥2 

4𝑎𝑎
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 2𝑥𝑥 

So the tangent at the point with x-coordinate 𝑝𝑝 is  

 

𝑦𝑦 −
𝑝𝑝2

4𝑎𝑎
=

𝑝𝑝
2𝑎𝑎

(𝑥𝑥 − 𝑝𝑝) 

4𝑎𝑎𝑎𝑎 + 𝑝𝑝2 = 2𝑝𝑝𝑝𝑝 

      M1 

The tangents  4𝑎𝑎𝑎𝑎 + 𝑝𝑝2 = 2𝑝𝑝𝑝𝑝  , 4𝑎𝑎𝑎𝑎 + 𝑞𝑞2 = 2𝑞𝑞𝑞𝑞   meet when 

  2(𝑝𝑝 − 𝑞𝑞)𝑥𝑥 = 𝑝𝑝2 − 𝑞𝑞2 = (𝑝𝑝 − 𝑞𝑞)(𝑝𝑝 + 𝑞𝑞)  and as (𝑝𝑝 − 𝑞𝑞) ≠ 0  ,   

      M1 

𝑥𝑥 =
1
2

(𝑝𝑝 + 𝑞𝑞) 

      *A1 

So 

𝑦𝑦 =
2𝑝𝑝 × 1

2 (𝑝𝑝 + 𝑞𝑞)− 𝑝𝑝2

4𝑎𝑎
=
𝑝𝑝𝑝𝑝
4𝑎𝑎

 

      A1 (4) 

 



and if the tangents meet at  45𝑜𝑜 , then   
𝑝𝑝

2𝑎𝑎 −
𝑞𝑞

2𝑎𝑎
1 + 𝑝𝑝

2𝑎𝑎
𝑞𝑞

2𝑎𝑎
= ±1 

      M1 M1 

2𝑎𝑎(𝑝𝑝 − 𝑞𝑞) = ±(4𝑎𝑎2 + 𝑝𝑝𝑝𝑝) 

(4𝑎𝑎2 + 𝑝𝑝𝑝𝑝)2 = 4𝑎𝑎2(𝑝𝑝 − 𝑞𝑞)2 = 4𝑎𝑎2((𝑝𝑝 + 𝑞𝑞)2 − 4𝑝𝑝𝑝𝑝) 

      M1 

Thus the point of intersection satisfies 

(4𝑎𝑎2 + 4𝑎𝑎𝑎𝑎)2 = 4𝑎𝑎2((2𝑥𝑥)2 − 16𝑎𝑎𝑎𝑎) 

      M1 

That simplifies to 

(𝑎𝑎 + 𝑦𝑦)2 = 𝑥𝑥2 − 4𝑎𝑎𝑎𝑎 

𝑦𝑦2 + 6𝑎𝑎𝑎𝑎 + 𝑎𝑎2 = 𝑥𝑥2 

𝑦𝑦2 + 6𝑎𝑎𝑎𝑎 + 9𝑎𝑎2 = 𝑥𝑥2 + 8𝑎𝑎2 

(𝑦𝑦 + 3𝑎𝑎)2 = 𝑥𝑥2 + 8𝑎𝑎2 

      M1 *A1 (6) 

(iii) 

If 
(𝑦𝑦 + 7𝑎𝑎)2 = 48𝑎𝑎2 + 3𝑥𝑥2 

�
𝑝𝑝𝑝𝑝
4𝑎𝑎

+ 7𝑎𝑎�
2

= 48𝑎𝑎2 + 3 �
1
2

(𝑝𝑝 + 𝑞𝑞)�
2

 

      M1 

(𝑝𝑝𝑝𝑝 + 28𝑎𝑎2)2 = 768𝑎𝑎4 + 12𝑎𝑎2(𝑝𝑝 + 𝑞𝑞)2 

𝑝𝑝2𝑞𝑞2 + 56𝑎𝑎2𝑝𝑝𝑝𝑝 + 784𝑎𝑎4 = 768𝑎𝑎4 + 12𝑎𝑎2(𝑝𝑝 − 𝑞𝑞)2 + 48𝑎𝑎2𝑝𝑝𝑝𝑝 

      M1 

𝑝𝑝2𝑞𝑞2 + 8𝑎𝑎2𝑝𝑝𝑝𝑝 + 16𝑎𝑎4 = 12𝑎𝑎2(𝑝𝑝 − 𝑞𝑞)2 

      M1 A1 

(𝑝𝑝𝑝𝑝 + 4𝑎𝑎2)2 = 3�2𝑎𝑎(𝑝𝑝 − 𝑞𝑞)�2 

𝑝𝑝
2𝑎𝑎 −

𝑞𝑞
2𝑎𝑎

1 + 𝑝𝑝
2𝑎𝑎

𝑞𝑞
2𝑎𝑎

= ±
1
√3

 

      M1 A1 

Thus the tangents are at a constant angle to each other which is  30𝑜𝑜 . A1 (7)  



5.  (i) 

Let  

𝑁𝑁 = �𝑒𝑒 𝑓𝑓
𝑔𝑔 ℎ� 

𝑀𝑀𝑀𝑀 = �𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑� �

𝑒𝑒 𝑓𝑓
𝑔𝑔 ℎ� = �𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 𝑎𝑎𝑎𝑎 + 𝑏𝑏ℎ

𝑐𝑐𝑐𝑐 + 𝑑𝑑𝑑𝑑 𝑐𝑐𝑐𝑐 + 𝑑𝑑ℎ� 

𝑁𝑁𝑁𝑁 = �𝑒𝑒 𝑓𝑓
𝑔𝑔 ℎ� �

𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑� = �𝑒𝑒𝑒𝑒 + 𝑓𝑓𝑓𝑓 𝑒𝑒𝑒𝑒 + 𝑓𝑓𝑓𝑓

𝑔𝑔𝑔𝑔 + ℎ𝑐𝑐 𝑔𝑔𝑔𝑔 + ℎ𝑑𝑑� 

𝑡𝑡𝑡𝑡(𝑀𝑀𝑀𝑀) = 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐 + 𝑑𝑑ℎ = 𝑒𝑒𝑒𝑒 + 𝑔𝑔𝑔𝑔 + 𝑓𝑓𝑓𝑓 + ℎ𝑑𝑑 

= 𝑒𝑒𝑒𝑒 + 𝑓𝑓𝑓𝑓 + 𝑔𝑔𝑔𝑔 + ℎ𝑑𝑑 = 𝑡𝑡𝑡𝑡(𝑁𝑁𝑁𝑁) 

      M1A1 

𝑡𝑡𝑡𝑡(𝑀𝑀 + 𝑁𝑁) = 𝑡𝑡𝑡𝑡 ��𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑� + �𝑒𝑒 𝑓𝑓

𝑔𝑔 ℎ�� = 𝑡𝑡𝑡𝑡 �𝑎𝑎 + 𝑒𝑒 𝑏𝑏 + 𝑓𝑓
𝑐𝑐 + 𝑔𝑔 𝑑𝑑 + ℎ� = 𝑎𝑎 + 𝑒𝑒 + 𝑑𝑑 + ℎ 

= 𝑎𝑎 + 𝑑𝑑 + 𝑒𝑒 + ℎ = 𝑡𝑡𝑡𝑡(𝑀𝑀) + 𝑡𝑡𝑡𝑡(𝑁𝑁) 

      B1 (3) 

(ii) 

1
det𝑀𝑀

𝑑𝑑
𝑑𝑑𝑑𝑑

(det𝑀𝑀) =
1

𝑎𝑎𝑎𝑎 − 𝑏𝑏𝑏𝑏
×
𝑑𝑑
𝑑𝑑𝑑𝑑

(𝑎𝑎𝑎𝑎 − 𝑏𝑏𝑏𝑏) =
1

𝑎𝑎𝑎𝑎 − 𝑏𝑏𝑏𝑏
× �𝑎𝑎𝑑̇𝑑 + 𝑎̇𝑎𝑑𝑑 − 𝑏𝑏𝑐̇𝑐 − 𝑏̇𝑏𝑐𝑐� 

      M1 

𝑡𝑡𝑡𝑡 �𝑀𝑀−1 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� = 𝑡𝑡𝑡𝑡 �

1
𝑎𝑎𝑎𝑎 − 𝑏𝑏𝑏𝑏

� 𝑑𝑑 −𝑏𝑏
−𝑐𝑐 𝑎𝑎 ��𝑎̇𝑎 𝑏̇𝑏

𝑐̇𝑐 𝑑̇𝑑
�� = 𝑡𝑡𝑡𝑡 �

1
𝑎𝑎𝑎𝑎 − 𝑏𝑏𝑏𝑏

� 𝑑𝑑𝑎̇𝑎 − 𝑏𝑏𝑐̇𝑐 𝑑𝑑𝑏̇𝑏 − 𝑏𝑏𝑑̇𝑑
−𝑐𝑐𝑎̇𝑎 + 𝑎𝑎𝑐̇𝑐 −𝑐𝑐𝑏̇𝑏 + 𝑎𝑎𝑑̇𝑑

�� 

=
1

𝑎𝑎𝑎𝑎 − 𝑏𝑏𝑏𝑏
× �𝑑𝑑𝑎̇𝑎 − 𝑏𝑏𝑐̇𝑐 − 𝑐𝑐𝑏̇𝑏 + 𝑎𝑎𝑑̇𝑑� =

1
det𝑀𝑀

𝑑𝑑
𝑑𝑑𝑑𝑑

(det𝑀𝑀) 

      M1  *A1 (3) 

(iii) 

𝑡𝑡𝑡𝑡 �𝑀𝑀−1 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� = 𝑡𝑡𝑡𝑡�𝑀𝑀−1(𝑀𝑀𝑀𝑀 −𝑁𝑁𝑁𝑁)� = 𝑡𝑡𝑡𝑡(𝑀𝑀−1𝑀𝑀𝑀𝑀 −𝑀𝑀−1𝑁𝑁𝑁𝑁) = 𝑡𝑡𝑡𝑡(𝑁𝑁) − 𝑡𝑡𝑡𝑡(𝑁𝑁𝑁𝑁𝑀𝑀−1) = 0 

Thus 

1
det𝑀𝑀

𝑑𝑑
𝑑𝑑𝑑𝑑

(det𝑀𝑀) = 0 

and so det𝑀𝑀  is independent of 𝑡𝑡 

      E1 

𝑑𝑑
𝑑𝑑𝑑𝑑 �

𝑡𝑡𝑡𝑡(𝑀𝑀)� = 𝑡𝑡𝑡𝑡 �
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� = 𝑡𝑡𝑡𝑡(𝑀𝑀𝑀𝑀 −𝑁𝑁𝑁𝑁) = 𝑡𝑡𝑡𝑡(𝑀𝑀𝑀𝑀) − 𝑡𝑡𝑡𝑡(𝑁𝑁𝑁𝑁) = 0 

so 𝑡𝑡𝑡𝑡(𝑀𝑀) is independent of 𝑡𝑡 

      E1 



𝑡𝑡𝑡𝑡(𝑀𝑀2) = 𝑡𝑡𝑡𝑡 ��𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑� �

𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑�� = 𝑡𝑡𝑡𝑡 �𝑎𝑎

2 + 𝑏𝑏𝑏𝑏 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏
𝑎𝑎𝑎𝑎 + 𝑐𝑐𝑐𝑐 𝑏𝑏𝑏𝑏 + 𝑑𝑑2

� = 𝑎𝑎2 + 𝑏𝑏𝑏𝑏 + 𝑏𝑏𝑏𝑏 + 𝑑𝑑2 

= 𝑎𝑎2 + 2𝑎𝑎𝑎𝑎 + 𝑑𝑑2 + 2(𝑏𝑏𝑏𝑏 − 𝑎𝑎𝑎𝑎) = (𝑎𝑎 + 𝑑𝑑)2 − 2 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = (𝑡𝑡𝑡𝑡𝑡𝑡)2 − 2𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 

      M1 A1 

Therefore 

𝑑𝑑
𝑑𝑑𝑑𝑑 �

𝑡𝑡𝑡𝑡(𝑀𝑀2)� =
𝑑𝑑
𝑑𝑑𝑑𝑑

((𝑡𝑡𝑡𝑡𝑡𝑡)2) −
𝑑𝑑
𝑑𝑑𝑑𝑑

(2𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑) = 0 

and so 𝑡𝑡𝑡𝑡(𝑀𝑀2) is independent of t 

      E1 (5) 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑀𝑀𝑀𝑀 −𝑁𝑁𝑁𝑁 

So 

�𝐴̇𝐴 𝐵̇𝐵
𝐶̇𝐶 𝐷̇𝐷

� = �𝐴𝐴 𝐵𝐵
𝐶𝐶 𝐷𝐷��

𝑡𝑡 𝑡𝑡
0 𝑡𝑡� − �𝑡𝑡 𝑡𝑡

0 𝑡𝑡� �
𝐴𝐴 𝐵𝐵
𝐶𝐶 𝐷𝐷� = �−𝐶𝐶𝐶𝐶 𝐴𝐴𝐴𝐴 − 𝐷𝐷𝐷𝐷

0 𝐶𝐶𝐶𝐶 � 

      M1 A1 

Thus  𝐶𝐶  is a constant,    A1 

  𝐴𝐴 = 𝑎𝑎 − 1
2
𝐶𝐶𝑡𝑡2, 𝐷𝐷 = 𝑑𝑑 + 1

2
𝐶𝐶𝑡𝑡2   A1 

and as  
𝐵̇𝐵 = 𝐴𝐴𝐴𝐴 − 𝐷𝐷𝐷𝐷 = (𝑎𝑎 − 𝑑𝑑)𝑡𝑡 − 𝐶𝐶𝑡𝑡3 

      M1 

𝐵𝐵 = 𝑏𝑏 +
1
2

(𝑎𝑎 − 𝑑𝑑)𝑡𝑡2 −
1
4
𝐶𝐶𝑡𝑡4 

      A1 (6) 

(iv)  If   
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑀𝑀𝑀𝑀 

Then for example,  𝑀𝑀 = �𝑒𝑒
𝑡𝑡 1 + 𝑒𝑒𝑡𝑡
𝑒𝑒𝑡𝑡 1 − 𝑒𝑒𝑡𝑡

� ,  𝑁𝑁 = �1 −𝑒𝑒−𝑡𝑡
0 1

� 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= �𝑒𝑒
𝑡𝑡 𝑒𝑒𝑡𝑡
𝑒𝑒𝑡𝑡 −𝑒𝑒𝑡𝑡

� 

And    𝑁𝑁 = �𝑒𝑒
𝑡𝑡 1 + 𝑒𝑒𝑡𝑡
𝑒𝑒𝑡𝑡 1 − 𝑒𝑒𝑡𝑡

� �1 −𝑒𝑒−𝑡𝑡
0 1

� = �𝑒𝑒
𝑡𝑡 𝑒𝑒𝑡𝑡
𝑒𝑒𝑡𝑡 −𝑒𝑒𝑡𝑡

� 

      M1 A1 

and 

𝑡𝑡𝑡𝑡(𝑁𝑁) = 2 

so no.      A1 (3)  



6.  (i) (a) 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −𝑥𝑥 + 3𝑦𝑦 + 𝑢𝑢 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑥𝑥 + 𝑦𝑦 + 𝑢𝑢 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

−
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝑑𝑑(𝑥𝑥 − 𝑦𝑦)

𝑑𝑑𝑑𝑑
= −2(𝑥𝑥 − 𝑦𝑦) 

      M1 

𝑥𝑥 − 𝑦𝑦 = 𝐴𝐴𝑒𝑒−2𝑡𝑡 

      A1 

If  𝑥𝑥 = 𝑦𝑦 = 0  at some time  𝑡𝑡 > 0 , then  𝐴𝐴 = 0 , A1 

so considering  𝑡𝑡 = 0 , 𝑥𝑥0 − 𝑦𝑦0 = 0  which gives the required result. E1 (4) 

(b)  If  𝑥𝑥0 = 𝑦𝑦0 , then at  𝑡𝑡 = 0 , 𝑥𝑥 − 𝑦𝑦 = 0   so  𝐴𝐴 = 0  and hence  𝑥𝑥 = 𝑦𝑦  for all  𝑡𝑡 

      E1 

 

Thus 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 2𝑥𝑥 + 𝑢𝑢 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

− 2𝑥𝑥 = 𝑢𝑢 

𝑒𝑒−2𝑡𝑡
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

− 2𝑒𝑒−2𝑡𝑡𝑥𝑥 = 𝑒𝑒−2𝑡𝑡𝑢𝑢 

𝑒𝑒−2𝑡𝑡𝑥𝑥 = −
1
2
𝑒𝑒−2𝑡𝑡𝑢𝑢 + 𝑐𝑐 

𝑥𝑥 = −
1
2
𝑢𝑢 + 𝑐𝑐𝑒𝑒2𝑡𝑡 

      M1 A1 

𝑡𝑡 = 0 ,  𝑥𝑥 = 𝑥𝑥0  so  𝑥𝑥0 = −1
2
𝑢𝑢 + 𝑐𝑐  and we want   𝑥𝑥 = 0  when  𝑡𝑡 = 𝑇𝑇 

so   

0 = −
1
2
𝑢𝑢 + 𝑐𝑐𝑒𝑒2𝑇𝑇 

Thus  𝑐𝑐 = 1
2
𝑢𝑢𝑒𝑒−2𝑇𝑇 , 𝑥𝑥0 = −1

2
𝑢𝑢 + 1

2
𝑢𝑢𝑒𝑒−2𝑇𝑇 

and hence,  

𝑢𝑢 =
2𝑥𝑥0𝑒𝑒2𝑇𝑇

1 − 𝑒𝑒2𝑇𝑇
 

      dM1 A1 (5) 



(ii)  (a) 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

− 2
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝑑𝑑(𝑥𝑥 − 2𝑦𝑦 + 𝑧𝑧)

𝑑𝑑𝑑𝑑
= −(𝑥𝑥 − 2𝑦𝑦 + 𝑧𝑧) 

Thus 

𝑥𝑥 − 2𝑦𝑦 + 𝑧𝑧 = 𝐴𝐴𝑒𝑒−𝑡𝑡 

      M1 A1 

If  𝑥𝑥 = 𝑦𝑦 = 𝑧𝑧 = 0  at some time  𝑡𝑡 > 0 , then  𝐴𝐴 = 0 , so considering  𝑡𝑡 = 0 , 𝑥𝑥0 − 2𝑦𝑦0 + 𝑧𝑧0 = 0 
which gives the required result.  E1 (3) 

(b)  we know from (a) that if 𝑥𝑥 = 𝑦𝑦 = 𝑧𝑧 = 0  at some time  𝑡𝑡 > 0 , then  𝐴𝐴 = 0 , and so 

  𝑥𝑥 − 2𝑦𝑦 + 𝑧𝑧 = 0   or  2𝑦𝑦 = 𝑥𝑥 + 𝑧𝑧  E1 

Thus  
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 2𝑥𝑥 − 3𝑧𝑧 + 𝑢𝑢 

and 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −𝑧𝑧 + 𝑢𝑢 

So 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

−
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝑑𝑑
𝑑𝑑𝑑𝑑

(𝑥𝑥 − 𝑧𝑧) = 2(𝑥𝑥 − 𝑧𝑧) 

and so 

𝑥𝑥 − 𝑧𝑧 = 𝐵𝐵𝑒𝑒2𝑡𝑡 

      M1 A1 

But as  𝑥𝑥 = 𝑧𝑧 = 0  at some time  𝑡𝑡 > 0,  𝐵𝐵 = 0  and so  𝑥𝑥 = 𝑧𝑧  for all  𝑡𝑡  

and thus  𝑥𝑥 = 𝑦𝑦 = 𝑧𝑧  for all  𝑡𝑡    

Hence  
𝑥𝑥0 = 𝑦𝑦0 = 𝑧𝑧0 

      E1 (4) 

  



(c) 

Given   
𝑥𝑥0 = 𝑦𝑦0 = 𝑧𝑧0 

we know that (a) and (b) apply (as similarly in (i)),  so   
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −𝑧𝑧 + 𝑢𝑢 

      M1 

Thus 

𝑧𝑧 = 𝑢𝑢 + 𝑐𝑐𝑒𝑒−𝑡𝑡 

      A1 

𝑡𝑡 = 0 ,  𝑧𝑧 = 𝑧𝑧0  so  𝑧𝑧0 = 𝑢𝑢 + 𝑐𝑐   and  0 = 𝑢𝑢 + 𝑐𝑐𝑒𝑒−𝑇𝑇 

      dM1 

𝑐𝑐 = −𝑢𝑢𝑒𝑒𝑇𝑇 

𝑢𝑢 =
𝑧𝑧0

1 − 𝑒𝑒𝑇𝑇
 

      A1 (4)  



7.  (i)  Each term of  𝑓𝑓(𝑛𝑛) > 0  so their sum is too. 

     E1 

1
(𝑛𝑛+1)(𝑛𝑛+2)…(𝑛𝑛+𝑟𝑟) < 1

(𝑛𝑛+1)𝑟𝑟  so  𝑓𝑓(𝑛𝑛) = 1
𝑛𝑛+1

+ 1
(𝑛𝑛+1)(𝑛𝑛+2) + ⋯ < 1

𝑛𝑛+1
+ 1

(𝑛𝑛+1)2 + ⋯ = 1 𝑛𝑛+1⁄
1−1 𝑛𝑛+1�

= 1
𝑛𝑛

 

     M1 A1(3) 

Thus  0 < 𝑓𝑓(𝑛𝑛) < 1
𝑛𝑛

 

(ii)  1
𝑛𝑛+1

− 1
(𝑛𝑛+1)(𝑛𝑛+2) > 0 ,  1

(𝑛𝑛+1)(𝑛𝑛+2)(𝑛𝑛+3) −
1

(𝑛𝑛+1)(𝑛𝑛+2)(𝑛𝑛+3)(𝑛𝑛+4) > 0  , etc  so  𝑔𝑔(𝑛𝑛) > 0 

     M1 A1 

Also,  1
(𝑛𝑛+1)(𝑛𝑛+2) −

1
(𝑛𝑛+1)(𝑛𝑛+2)(𝑛𝑛+3) > 0  ,  1

(𝑛𝑛+1)(𝑛𝑛+2)(𝑛𝑛+3)(𝑛𝑛+4) −
1

(𝑛𝑛+1)(𝑛𝑛+2)(𝑛𝑛+3)(𝑛𝑛+4)(𝑛𝑛+5) > 0  , etc 

so  𝑔𝑔(𝑛𝑛) = 1
𝑛𝑛+1

−a sum of positive terms < 1
𝑛𝑛+1

  M1 A1 (4) 

Thus  0 < 𝑔𝑔(𝑛𝑛) < 1
𝑛𝑛+1

 

(iii) 
(2𝑛𝑛)! 𝑒𝑒 − 𝑓𝑓(2𝑛𝑛) 

= (2𝑛𝑛)! �1 + 1 +
1
2!

+
1
3!

+ ⋯� −
1

2𝑛𝑛 + 1
−

1
(2𝑛𝑛 + 1)(2𝑛𝑛 + 2) −

1
(2𝑛𝑛 + 1)(2𝑛𝑛 + 2)(2𝑛𝑛 + 3) −⋯ 

      M1 A1 

 

= (2𝑛𝑛)! �1 + 1 +
1
2!

+ ⋯+
1

(2𝑛𝑛)!
� 

+
(2𝑛𝑛)!

(2𝑛𝑛 + 1)!
+

(2𝑛𝑛)!
(2𝑛𝑛 + 2)!

+⋯−
1

2𝑛𝑛 + 1
−

1
(2𝑛𝑛 + 1)(2𝑛𝑛 + 2) −

1
(2𝑛𝑛 + 1)(2𝑛𝑛 + 2)(2𝑛𝑛 + 3) −⋯ 

= (2𝑛𝑛)! �1 + 1 +
1
2!

+ ⋯+
1

(2𝑛𝑛)!
� 

which is an integer.    M1 A1(4) 

  
 

  



(2𝑛𝑛)!
𝑒𝑒

+ 𝑔𝑔(2𝑛𝑛) = (2𝑛𝑛)! 𝑒𝑒−1 + 𝑔𝑔(2𝑛𝑛) 

= (2𝑛𝑛)! �1− 1 +
1
2!
−

1
3!

+ ⋯� +
1

2𝑛𝑛 + 1
−

1
(2𝑛𝑛 + 1)(2𝑛𝑛 + 2) +

1
(2𝑛𝑛 + 1)(2𝑛𝑛 + 2)(2𝑛𝑛 + 3) −⋯ 

      M1 A1 

= (2𝑛𝑛)! �1 − 1 +
1
2!

+ ⋯+
1

(2𝑛𝑛)!
� 

−
(2𝑛𝑛)!

(2𝑛𝑛 + 1)!
+

(2𝑛𝑛)!
(2𝑛𝑛 + 2)!

−⋯+
1

2𝑛𝑛 + 1
−

1
(2𝑛𝑛 + 1)(2𝑛𝑛 + 2) +

1
(2𝑛𝑛 + 1)(2𝑛𝑛 + 2)(2𝑛𝑛 + 3) −⋯ 

= (2𝑛𝑛)! �1 − 1 +
1
2!

+ ⋯+
1

(2𝑛𝑛)!
� 

      M1 A1 (4) 

which is an integer. 

(iv)  𝑞𝑞�(2𝑛𝑛)! 𝑒𝑒 − 𝑓𝑓(2𝑛𝑛)�  is an integer as is  𝑝𝑝 �(2𝑛𝑛)!
𝑒𝑒

+ 𝑔𝑔(2𝑛𝑛)� 

Thus  (𝑝𝑝 �(2𝑛𝑛)!
𝑒𝑒

+ 𝑔𝑔(2𝑛𝑛)�)− (𝑞𝑞�(2𝑛𝑛)! 𝑒𝑒 − 𝑓𝑓(2𝑛𝑛)�)  is an integer. 

  �𝑝𝑝 �(2𝑛𝑛)!
𝑒𝑒

+ 𝑔𝑔(2𝑛𝑛)�� − �𝑞𝑞�(2𝑛𝑛)! 𝑒𝑒 − 𝑓𝑓(2𝑛𝑛)�� = (2𝑛𝑛)! �𝑝𝑝
𝑒𝑒
− 𝑞𝑞𝑞𝑞� + 𝑝𝑝𝑝𝑝(2𝑛𝑛) + 𝑞𝑞𝑞𝑞(2𝑛𝑛) 

      M1 

= 𝑝𝑝𝑝𝑝(2𝑛𝑛) + 𝑞𝑞𝑞𝑞(2𝑛𝑛)   

so  𝑝𝑝𝑝𝑝(2𝑛𝑛) + 𝑞𝑞𝑞𝑞(2𝑛𝑛) is an integer as required.  A1(2) 

(v)  As  (iv) is true for all positive integers   𝑛𝑛 , it must be true for  𝑛𝑛 = max (𝑝𝑝, 𝑞𝑞) 

By (ii)     𝑝𝑝𝑝𝑝(2𝑛𝑛) < 𝑝𝑝
2𝑛𝑛+1

≤ 𝑛𝑛
2𝑛𝑛+1

< 1
2

 

By (i)     𝑞𝑞𝑞𝑞(2𝑛𝑛) < 𝑞𝑞
2𝑛𝑛
≤ 𝑛𝑛

2𝑛𝑛
= 1

2
 

      M1 

Therefore,    𝑝𝑝𝑝𝑝(2𝑛𝑛) + 𝑞𝑞𝑞𝑞(2𝑛𝑛) < 1
2

+ 1
2

= 1 

and trivially by (i) and (ii) 

𝑝𝑝𝑝𝑝(2𝑛𝑛) + 𝑞𝑞𝑞𝑞(2𝑛𝑛) > 0 

      A1 

This means that  𝑝𝑝𝑝𝑝(2𝑛𝑛) + 𝑞𝑞𝑞𝑞(2𝑛𝑛)  cannot be an integer which contradicts the result of (iv) 

and hence there are no integers such that   𝑝𝑝
𝑒𝑒

= 𝑞𝑞𝑞𝑞  , that is such that  𝑝𝑝
𝑞𝑞

= 𝑒𝑒2  and so  𝑒𝑒2 is 

irrational.     E1 (3)  



8.  (i)   (𝑦𝑦 − 𝑥𝑥 + 3)(𝑦𝑦 + 𝑥𝑥 − 5) = 0  if and only if either  𝑦𝑦 − 𝑥𝑥 + 3 = 0  or  𝑦𝑦 + 𝑥𝑥 − 5 = 0 .  These 
are the equations of two straight lines with gradients 1 and -1. 

     E1 

A pair of straight lines with gradients 1 and -1 can be expressed as  𝑦𝑦 − 𝑥𝑥 + 𝑎𝑎 = 0  and 

  𝑦𝑦 + 𝑥𝑥 + 𝑏𝑏 = 0 .   Thus  (𝑦𝑦 − 𝑥𝑥 + 𝑎𝑎)(𝑦𝑦 + 𝑥𝑥 + 𝑏𝑏) = 0  can be expressed  

 𝑦𝑦2 − 𝑥𝑥2 + 𝑝𝑝𝑝𝑝 + 𝑞𝑞𝑞𝑞 + 𝑟𝑟 = 0  if and only if  𝑎𝑎 + 𝑏𝑏 = 𝑝𝑝 ,  𝑎𝑎 − 𝑏𝑏 = 𝑞𝑞 , and  𝑎𝑎𝑎𝑎 = 𝑟𝑟 .  M1 A1 

Hence,  𝑎𝑎 = 1
2

(𝑝𝑝 + 𝑞𝑞)  ,  𝑏𝑏 = 1
2

(𝑝𝑝 − 𝑞𝑞)  and so  1
2

(𝑝𝑝 + 𝑞𝑞) 1
2

(𝑝𝑝 − 𝑞𝑞) = 𝑟𝑟  which can be written  

𝑝𝑝2 − 𝑞𝑞2 = 4𝑟𝑟 .    M1 *A1 (5) 

 

(ii)  If a point  (𝑥𝑥,𝑦𝑦) lies on  𝐶𝐶1 , then  𝑥𝑥 = 𝑦𝑦2 + 2𝑠𝑠𝑠𝑠 + 𝑠𝑠(𝑠𝑠 + 1) = 0  which can be rearranged as   
𝑦𝑦2 + 2𝑠𝑠𝑠𝑠 + 𝑠𝑠(𝑠𝑠 + 1) − 𝑥𝑥 = 0 .  If a point  (𝑥𝑥,𝑦𝑦)  lies on  𝐶𝐶2 , then  𝑦𝑦 = 𝑥𝑥2  which can be expressed 
as  𝑘𝑘(𝑦𝑦 − 𝑥𝑥2) = 0  for any real number  𝑘𝑘.  Thus, if it lies on both 

  𝑦𝑦2 + 2𝑠𝑠𝑠𝑠 + 𝑠𝑠(𝑠𝑠 + 1) − 𝑥𝑥 + 𝑘𝑘(𝑦𝑦 − 𝑥𝑥2) = 0  for any real number  𝑘𝑘 

      E1 E1 

If  𝑘𝑘 = 1 ,  
𝑦𝑦2 − 𝑥𝑥2 + (2𝑠𝑠 + 1)𝑦𝑦 − 𝑥𝑥 + 𝑠𝑠(𝑠𝑠 + 1) = 0 

and   

(2𝑠𝑠 + 1)2 − (−1)2 = 4𝑠𝑠2 + 4𝑠𝑠 = 4𝑠𝑠(𝑠𝑠 + 1) 

satisfying the condition as derived in (i).  M1 A1 (4) 

(iii) If  𝐶𝐶1 and  𝐶𝐶2 intersect at four distinct points, then they do so on the pair of straight lines,  

𝑦𝑦2 − 𝑥𝑥2 + (2𝑠𝑠 + 1)𝑦𝑦 − 𝑥𝑥 + 𝑠𝑠(𝑠𝑠 + 1) = 0  . 

     E1 

  𝑦𝑦2 − 𝑥𝑥2 + (2𝑠𝑠 + 1)𝑦𝑦 − 𝑥𝑥 + 𝑠𝑠(𝑠𝑠 + 1) = (𝑦𝑦 + 𝑥𝑥 + 𝑠𝑠 + 1)(𝑦𝑦 − 𝑥𝑥 + 𝑠𝑠)  B1 

Therefore, 𝑦𝑦 + 𝑥𝑥 + 𝑠𝑠 + 1 = 0  must meet 𝐶𝐶2 at two distinct points and 𝑦𝑦 − 𝑥𝑥 + 𝑠𝑠 = 0  must meet 
𝐶𝐶2 at two different distinct points.  E1 

Thus, solving  𝑥𝑥2 + 𝑥𝑥 + 𝑠𝑠 + 1 = 0  having two distinct roots, the discriminant 1 − 4(𝑠𝑠 + 1) > 0 

That is  𝑠𝑠 < −3
4

     M1 A1 

and solving  𝑥𝑥2 − 𝑥𝑥 + 𝑠𝑠 = 0  having two distinct roots, the discriminant 1 − 4𝑠𝑠 > 0  i.e.   𝑠𝑠 < 1
4

 

So it is necessary that  𝑠𝑠 < −3
4

 .  *A1 (6) 

  



(iv)  If  𝑠𝑠 < −3
4

   for 𝐶𝐶1 and  𝐶𝐶2 to intersect at four points, they do so on the pair of straight lines, 
two distinct on each of the lines in (iii) as shown by the non-zero discriminants in (iii) and that 
will be four distinct points provided that the point of intersection of the two lines is not one of 
them.        E1 E1 

The intersection of  

 𝑦𝑦 + 𝑥𝑥 + 𝑠𝑠 + 1 = 0  and  𝑦𝑦 − 𝑥𝑥 + 𝑠𝑠 = 0  is at  �− 1
2

,−2𝑠𝑠+1
2
�  which will only lie on 𝐶𝐶2  if  

−2𝑠𝑠+1
2

= �− 1
2
�
2

  that is if 𝑠𝑠 = −3
4

  which is prohibited. M1 A1 E1 (5) 

  



9.  

 

 

 

 

 

 

 

 

 

    G1  (1) 

(i)  Conserving momentum in the direction of the line of centres 

𝑚𝑚𝑚𝑚 cos𝛼𝛼 = 𝑚𝑚𝑚𝑚 cos𝛼𝛼 −𝑚𝑚𝑚𝑚 sin𝛼𝛼 +𝑚𝑚𝑚𝑚 

that is  

 𝑢𝑢 cos𝛼𝛼 = (𝑥𝑥 cos𝛼𝛼 − 𝑦𝑦 sin𝛼𝛼) + 𝑣𝑣  M1 

Newton’s experimental law of impact in the same direction gives 

𝑣𝑣 − (𝑥𝑥 cos𝛼𝛼 − 𝑦𝑦 sin𝛼𝛼) =
1
3
𝑢𝑢 cos𝛼𝛼 

Solving,   (𝑥𝑥 cos𝛼𝛼 − 𝑦𝑦 sin𝛼𝛼) = 1
3
𝑢𝑢 cos𝛼𝛼                                     (A) 

      M1 

Conserving momentum perpendicular to the direction of the line of centres 

      M1 

𝑚𝑚𝑚𝑚 sin𝛼𝛼 = 𝑚𝑚(𝑥𝑥 sin𝛼𝛼 + 𝑦𝑦 cos𝛼𝛼) 

that is 

(𝑥𝑥 sin𝛼𝛼 + 𝑦𝑦 cos𝛼𝛼) = 𝑢𝑢 sin𝛼𝛼                                                              (B) 

Solving equations A and B simultaneously:- 

𝐴𝐴 cos𝛼𝛼 + 𝐵𝐵 sin𝛼𝛼  gives  𝑥𝑥 = 𝑢𝑢 �1
3

cos2 𝛼𝛼 + sin2 𝛼𝛼� = 1
3
𝑢𝑢(1 + 2 sin2 𝛼𝛼) 

𝐵𝐵 cos𝛼𝛼 − 𝐴𝐴 sin𝛼𝛼  gives  𝑦𝑦 = 2
3
𝑢𝑢 sin𝛼𝛼 cos𝛼𝛼  M1 

Thus the velocity of B after the collision is �
−1

3
𝑢𝑢(1 + 2 sin2 𝛼𝛼)
2
3
𝑢𝑢 sin𝛼𝛼 cos𝛼𝛼

�  as required.  *A1 (5) 
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Alternative for part (i) 

 

 

 

 

 

 

 

 

 

 

G1 (1) 

Conserving momentum in the direction of the line of centres 

𝑚𝑚𝑚𝑚 cos𝛼𝛼 = 𝑚𝑚𝑚𝑚 + 𝑚𝑚𝑚𝑚 

That is                                                               𝑢𝑢 cos𝛼𝛼 = 𝑥𝑥 + 𝑤𝑤 

     M1 

Newton’s experimental law of impact in the same direction gives 

𝑤𝑤 − 𝑥𝑥 =
1
3
𝑢𝑢 cos𝛼𝛼 

Solving,   𝑥𝑥 = 1
3
𝑢𝑢 cos𝛼𝛼                                      

      M1 

Conserving momentum perpendicular to the direction of the line of centres 

      M1 

𝑚𝑚𝑚𝑚 sin𝛼𝛼 = 𝑚𝑚𝑚𝑚 

that is 

𝑦𝑦 = 𝑢𝑢 sin𝛼𝛼 

 
 Thus the velocity of B after the collision is 

 �
−1

3
𝑢𝑢 cos𝛼𝛼 cos𝛼𝛼 − 𝑢𝑢 sin𝛼𝛼 sin𝛼𝛼

𝑢𝑢 sin𝛼𝛼 cos𝛼𝛼 − 1
3
𝑢𝑢 cos𝛼𝛼 sin𝛼𝛼

� = �
−1

3
𝑢𝑢(1 + 2 sin2 𝛼𝛼)
2
3
𝑢𝑢 sin𝛼𝛼 cos𝛼𝛼

�  as required.  M1 *A1 (5) 
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(ii)  The lowest point of sphere B (which is vertically below its centre) crosses the y axis at a time 
2𝑟𝑟 cos𝛼𝛼

1
3𝑢𝑢(1 + 2 sin2 𝛼𝛼)

 

after the collision.    B1 

Thus it crosses the y axis at a point  

2𝑟𝑟 sin𝛼𝛼 +
2
3
𝑢𝑢 sin𝛼𝛼 cos𝛼𝛼

2𝑟𝑟 cos𝛼𝛼
1
3𝑢𝑢(1 + 2 sin2 𝛼𝛼)

= 2𝑟𝑟 �sin𝛼𝛼 + cos𝛼𝛼
2 sin𝛼𝛼 cos𝛼𝛼
1 + 2 sin2 𝛼𝛼

� 

      M1 

from the origin, that is at  (0,𝑌𝑌)  where  𝑌𝑌 = 2𝑟𝑟(sin𝛼𝛼 + cos𝛼𝛼 tan𝛽𝛽)  and tan𝛽𝛽 = 2 sin𝛼𝛼 cos𝛼𝛼
1+2sin2 𝛼𝛼

 

      *A1 (3) 

Alternatively, after the collision sphere B moves at an angle   𝛽𝛽 above the negative x axis, where  
 tan𝛽𝛽 = 2sin𝛼𝛼 cos𝛼𝛼

1+2sin2 𝛼𝛼
  (from the velocity of B in (i)) and so by trigonometry, the lowest point will be a 

distance  2rcos𝛼𝛼 tan𝛽𝛽 further in the y direction than the point it is at when the collision occurs 
which had a y coordinate  2𝑟𝑟 sin𝛼𝛼 . 

(iii) 

 

 

 

 

     

 

 

 

 

 

 

 

G1 

By trigonometry, the distance between the lowest points of spheres B and C when their lowest 
points are on the y axis must be more than  2𝑟𝑟 sec𝛽𝛽 so to avoid any contact, ℎ > 𝑌𝑌 + 2𝑟𝑟 sec𝛽𝛽 . 

      E1 (2) 

  

𝛽𝛽 

Y 



(iv) 

𝑌𝑌 = 2𝑟𝑟(sin𝛼𝛼 + cos𝛼𝛼 tan𝛽𝛽) =
2𝑟𝑟

cos𝛽𝛽
(sin𝛼𝛼 cos𝛽𝛽 + cos𝛼𝛼 sin𝛽𝛽) = 2𝑟𝑟 sec𝛽𝛽 sin(𝛼𝛼 + 𝛽𝛽) ≤ 2𝑟𝑟 sec𝛽𝛽 

as sin(𝛼𝛼 + 𝛽𝛽) ≤ 1    M1 A1 

But,  𝛼𝛼 + 𝛽𝛽 ≠ 𝜋𝜋
2

   because expression (A) in (i) cannot be zero, or alternatively,  tan𝛽𝛽 = 2 sin𝛼𝛼 cos𝛼𝛼
1+2sin2 𝛼𝛼

  
would give a contradiction.  Thus  𝑌𝑌 < 2𝑟𝑟 sec𝛽𝛽                                              E1 (3) 

So, from this result and (iii) there will be no striking if ℎ > 4𝑟𝑟 sec𝛽𝛽  B1 

The greatest value of  sec𝛽𝛽 occurs when  tan𝛽𝛽 is greatest.   E1 

𝑑𝑑
𝑑𝑑𝑑𝑑

(tan𝛽𝛽) =
𝑑𝑑
𝑑𝑑𝑑𝑑

�
2 sin𝛼𝛼 cos𝛼𝛼
1 + 2 sin2 𝛼𝛼

� =
(1 + 2 sin2 𝛼𝛼)2(cos2 𝛼𝛼 − sin2 𝛼𝛼) − 2 sin𝛼𝛼 cos𝛼𝛼 4 sin𝛼𝛼 cos𝛼𝛼

(1 + 2 sin2 𝛼𝛼)2  

Numerator  = (1 + 2𝑠𝑠2)2(1 − 2𝑠𝑠2) − 8𝑠𝑠2(1 − 𝑠𝑠2) = 2 − 8𝑠𝑠2  M1 A1 

where  𝑠𝑠 = sin𝛼𝛼 

Thus, the differential is zero when sin𝛼𝛼 = 1
2

 , then  tan𝛽𝛽 = 1
√3

  and sec𝛽𝛽 = 2
√3

  M1 

Thus, no collision occurs for any value of   𝛼𝛼 if  ℎ > 8𝑟𝑟
√3

   *A1 (6) 

 

  



10.  (i)   

   G1 

A Resolving vertically for the upper cube  𝑅𝑅 = 𝜌𝜌𝑎𝑎3𝑔𝑔 

B Taking moments for the upper cube about X  𝑃𝑃ℎ = 𝑅𝑅𝑅𝑅 

C Resolving horizontally for the upper cube  𝑃𝑃 = 𝐹𝐹 

     M1 A1 

D Resolving vertically for the lower cube    𝑅𝑅′ = 𝑅𝑅 + 𝜌𝜌𝜌𝜌 

E Taking moments for the lower cube about Y  𝑅𝑅′𝑦𝑦 = 𝐹𝐹 + 𝑅𝑅𝑅𝑅 

F Resolving horizontally for the lower cube  𝐹𝐹 = 𝐹𝐹′ 

     M1 A1 

Combining A and B  𝑥𝑥 = 𝑃𝑃ℎ
𝜌𝜌𝑎𝑎3𝑔𝑔

  which is the second requirement. B1 

Combining A and D (or resolving vertically for the whole system)  𝑅𝑅′ = 𝜌𝜌𝜌𝜌(1 + 𝑎𝑎3) 

Combining this with E and C   𝜌𝜌𝜌𝜌(1 + 𝑎𝑎3)𝑦𝑦 = 𝑃𝑃 + 𝑃𝑃ℎ 

which gives  𝑦𝑦 = 𝑃𝑃(1+ℎ)
(1+𝑎𝑎3)𝜌𝜌𝜌𝜌

  as required.  M1 *A1 (8) 

(ii)  The limiting friction for 𝐹𝐹 = 𝜇𝜇𝜇𝜇  whereas for 𝐹𝐹′ = 𝜇𝜇𝑅𝑅′ = 𝜇𝜇𝜇𝜇 + 𝜇𝜇𝜇𝜇𝜇𝜇 > 𝜇𝜇𝜇𝜇 

Given that in equilibrium   𝐹𝐹 = 𝐹𝐹′ = 𝑃𝑃 ,  as  𝑃𝑃  increases,   𝐹𝐹 will attain its limiting value first and 
hence the upper cube will slip on the lower cube. E1 (1) 

 

 

 



(iii)  For  𝑎𝑎 = 1  the upper cube slips on the lower cube if  𝑃𝑃 = 𝜇𝜇𝜇𝜇𝜇𝜇  , B1 

𝑦𝑦 = 1
2

   when  𝑃𝑃 = 𝜌𝜌𝜌𝜌
1+ℎ

 

and  𝑥𝑥 = 1
2

  when 𝑃𝑃 = 𝜌𝜌𝜌𝜌
2ℎ

  and as  ℎ < 1 , 2ℎ < 1 + ℎ , so  𝜌𝜌𝜌𝜌
2ℎ

> 𝜌𝜌𝜌𝜌
1+ℎ

 M1 

Thus equilibrium is broken either by the upper cube slipping if  𝜇𝜇𝜇𝜇𝜇𝜇 < 𝜌𝜌𝜌𝜌
1+ℎ

  or by both toppling 

together if 𝜇𝜇𝜇𝜇𝜇𝜇 > 𝜌𝜌𝜌𝜌
1+ℎ

        M1 

That is upper slips if  𝜇𝜇(1 + ℎ) < 1  or both topple if   𝜇𝜇(1 + ℎ) > 1  as required. *A1 (4) 

(iv)   For  𝑎𝑎 < 1  and no slipping occurring, 

 𝑦𝑦 = 1
2

   when  𝑃𝑃 = 𝜌𝜌𝜌𝜌�1+𝑎𝑎3�
2(1+ℎ)    B1 

and  𝑥𝑥 = 1
2
𝑎𝑎  when  𝑃𝑃 = 𝜌𝜌𝜌𝜌𝑎𝑎4

2ℎ
   B1 

So equilibrium will be broken by the upper cube toppling if   𝜌𝜌𝜌𝜌𝑎𝑎
4

2ℎ
< 𝜌𝜌𝜌𝜌�1+𝑎𝑎3�

2(1+ℎ)  

That is if  (1 + ℎ)𝑎𝑎4 < ℎ(1 + 𝑎𝑎3)  , which can be rearranged to ℎ�1 + 𝑎𝑎3(1 − 𝑎𝑎)� > 𝑎𝑎4 E1 (3) 

(v)  If  𝑎𝑎 = 1
2

 , for (iv) to occur  ℎ > 1
17

  .  B1 

  We also require  ℎ < 𝑎𝑎  and, in addition,  𝜌𝜌𝜌𝜌𝑎𝑎
4

2ℎ
< 𝜇𝜇𝜇𝜇𝜇𝜇𝑎𝑎3  so that the top cube doesn’t slip. M1 

Thus,  ℎ𝜇𝜇 > 1
4

  .  A1 

 E.G.  ℎ = 3
8

  ,  𝜇𝜇 = 3
4

   (choosing ℎ larger than  1
4

  to enable a feasible value of 𝜇𝜇 to be chosen.)  

B1 (4) 

  



11.  (i) 

𝑟𝑟 �2𝑛𝑛
𝑟𝑟 � =

(2𝑛𝑛)!
(2𝑛𝑛 − 𝑟𝑟)! (𝑟𝑟 − 1)!

= (2𝑛𝑛 − 𝑟𝑟 + 1)
(2𝑛𝑛)!

(2𝑛𝑛 − 𝑟𝑟 + 1)! (𝑟𝑟 − 1)!
= (2𝑛𝑛 − 𝑟𝑟 + 1) � 2𝑛𝑛

2𝑛𝑛 + 1 − 𝑟𝑟� 

  M1    M1    *A1 (3) 

So 

�𝑟𝑟�2𝑛𝑛
𝑟𝑟 � = �𝑟𝑟�2𝑛𝑛

𝑟𝑟 �+ � 𝑟𝑟�2𝑛𝑛
𝑟𝑟 �

2𝑛𝑛

𝑟𝑟=𝑛𝑛+1

𝑛𝑛

𝑟𝑟=1

2𝑛𝑛

𝑟𝑟=0

 

      M1 

= �(2𝑛𝑛 − 𝑟𝑟 + 1) � 2𝑛𝑛
2𝑛𝑛 + 1 − 𝑟𝑟� + � 𝑟𝑟�2𝑛𝑛

𝑟𝑟 �
2𝑛𝑛

𝑟𝑟=𝑛𝑛+1

𝑛𝑛

𝑟𝑟=1

 

      M1 

= � 𝑡𝑡�2𝑛𝑛
𝑡𝑡 �

2𝑛𝑛

𝑡𝑡=𝑛𝑛+1

+ � 𝑟𝑟�2𝑛𝑛
𝑟𝑟 �

2𝑛𝑛

𝑟𝑟=𝑛𝑛+1

 

by changing the index in the first summation to  𝑡𝑡 = 2𝑛𝑛 − 𝑟𝑟 + 1   M1 A1 

= 2 � 𝑟𝑟�2𝑛𝑛
𝑟𝑟 �

2𝑛𝑛

𝑟𝑟=𝑛𝑛+1

 

       *A1 (5) 

(ii) 

𝐸𝐸(𝑋𝑋) = 2 � 𝑟𝑟�2𝑛𝑛
𝑟𝑟 � �

1
2
�
2𝑛𝑛2𝑛𝑛

𝑟𝑟=𝑛𝑛+1

+ 𝑛𝑛 �2𝑛𝑛
𝑛𝑛 ��

1
2
�
2𝑛𝑛

 

      M1 A1 

= �𝑟𝑟�2𝑛𝑛
𝑟𝑟 � �

1
2
�
2𝑛𝑛

+ 𝑛𝑛 �2𝑛𝑛
𝑛𝑛 ��

1
2
�
2𝑛𝑛2𝑛𝑛

𝑟𝑟=0

 

using the result of (i)    M1 A1 

But,  

�𝑟𝑟�2𝑛𝑛
𝑟𝑟 � �

1
2
�
2𝑛𝑛2𝑛𝑛

𝑟𝑟=0

 

is the expectation of a 𝐵𝐵𝐵𝐵 �2𝑛𝑛, 1
2
� random variable and so = 2𝑛𝑛 × 1

2
= 𝑛𝑛  , or using the second 

result given in the stem M1 A1 

Thus    𝐸𝐸(𝑋𝑋) = 𝑛𝑛 + 𝑛𝑛 �2𝑛𝑛
𝑛𝑛 � �

1
2
�
2𝑛𝑛

= 𝑛𝑛 �1 + �1
2
�
2𝑛𝑛
�2𝑛𝑛
𝑛𝑛 �� 

as required.     *A1 (7) 



(iii) 

�1
2�

2𝑛𝑛+2
�2𝑛𝑛 + 2
𝑛𝑛 + 1 �

�1
2�

2𝑛𝑛
�2𝑛𝑛
𝑛𝑛 �

=
1

22
(2𝑛𝑛 + 2)!

(𝑛𝑛 + 1)! (𝑛𝑛 + 1)!
𝑛𝑛!𝑛𝑛!
(2𝑛𝑛)!

=
(2𝑛𝑛 + 2)(2𝑛𝑛 + 1)
22(𝑛𝑛 + 1)(𝑛𝑛 + 1) =

2𝑛𝑛 + 1
2(𝑛𝑛 + 1) < 1 

  M1   A1 

and so   �1
2
�
2𝑛𝑛

 �2𝑛𝑛
𝑛𝑛 � decreases as  𝑛𝑛  increases.   E1 (3) 

(iv)  The expected profit per pound paid  =
𝑛𝑛�1+�12�

2𝑛𝑛
�2𝑛𝑛𝑛𝑛 ��−𝑛𝑛

𝑛𝑛
= �1

2
�
2𝑛𝑛
�2𝑛𝑛
𝑛𝑛 � M1 

So, by the result of (iii), choose  𝑛𝑛 = 1.   A1 (2) 

(If winnings not profit, then logic is identical bar plus 1.  Either permissible) 

  



12.  (i)   

 

𝑂𝑂𝑂𝑂 = 1 ,  𝑂𝑂𝑂𝑂 = 𝑟𝑟 , so  𝐴𝐴𝐴𝐴 = √𝑟𝑟2 − 1   and therefore 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑂𝑂𝑂𝑂𝑂𝑂 = 𝑂𝑂𝑂𝑂𝑂𝑂 =  1
2
√𝑟𝑟2 − 1  

Also,  𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝐵𝐵𝐵𝐵𝐵𝐵 = 𝐷𝐷𝐷𝐷𝐷𝐷 = cos−1 1
𝑟𝑟
   so  𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝐶𝐶𝐶𝐶𝐶𝐶 = 1

4
𝜋𝜋𝑟𝑟2 − 2 × 1

2
𝑟𝑟2 cos−1 1

𝑟𝑟
  M1 M1 

Thus, 𝑃𝑃(𝑅𝑅 ≤ 𝑟𝑟) = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂 = √𝑟𝑟2 − 1 + 1
4
𝜋𝜋𝑟𝑟2 − 𝑟𝑟2 cos−1 𝑟𝑟−1 when  1 ≤ 𝑟𝑟 ≤ √2  *A1 

 

𝑃𝑃(𝑅𝑅 ≤ 𝑟𝑟) = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑂𝑂𝑂𝑂𝑂𝑂 = 1
4
𝜋𝜋𝑟𝑟2  when  0 ≤ 𝑟𝑟 ≤ 1  B1 (4) 

(ii)  If the pdf of R is  𝑓𝑓(𝑟𝑟) , then differentiating, 

𝑓𝑓(𝑟𝑟) =
1
2
𝜋𝜋𝜋𝜋 

for  0 ≤ 𝑟𝑟 ≤ 1 , 

and using  
𝑑𝑑
𝑑𝑑𝑑𝑑

(cos−1 𝑥𝑥−1) = −
1

√1 − 𝑥𝑥−2
×−𝑥𝑥−2 =

1
𝑥𝑥√𝑥𝑥2 − 1

 

      B1 

 

𝑓𝑓(𝑟𝑟) =
𝑟𝑟

√𝑟𝑟2 − 1
+

1
2
𝜋𝜋𝜋𝜋 − 2𝑟𝑟 cos−1 𝑟𝑟−1 −

𝑟𝑟
√𝑟𝑟2 − 1

=
1
2
𝜋𝜋𝜋𝜋 − 2𝑟𝑟 cos−1 𝑟𝑟−1 



for  1 ≤ 𝑟𝑟 ≤ √2  .    M1 A1 (3) 

Thus  

𝐸𝐸(𝑅𝑅) = �
1
2
𝜋𝜋𝑟𝑟2 𝑑𝑑𝑑𝑑 + �

1
2
𝜋𝜋𝑟𝑟2 − 2𝑟𝑟2 cos−1 𝑟𝑟−1 𝑑𝑑𝑑𝑑

√2

1

1

0
 

      M1 A1ft 

= �
1
6
𝜋𝜋𝑟𝑟3�

0

√2
− �

2
3
𝑟𝑟3 cos−1 𝑟𝑟−1 �

1

√2
+ �

2
3
𝑟𝑟3

1
𝑟𝑟√𝑟𝑟2 − 1

𝑑𝑑𝑑𝑑
√2

1
 

      M1 A1 

=
𝜋𝜋√2

3
−
𝜋𝜋√2

3
+ �

2
3
𝑟𝑟2

1
√𝑟𝑟2 − 1

𝑑𝑑𝑑𝑑
√2

1
 

as  required.     *A1 (5) 

(iii) 

Let  

𝐼𝐼 = �
𝑟𝑟2

√𝑟𝑟2 − 1
𝑑𝑑𝑑𝑑 

Then 

𝐼𝐼 = �𝑟𝑟
𝑟𝑟

√𝑟𝑟2 − 1
𝑑𝑑𝑑𝑑 = 𝑟𝑟�𝑟𝑟2 − 1 −��𝑟𝑟2 − 1 𝑑𝑑𝑑𝑑 = 𝑟𝑟�𝑟𝑟2 − 1 −�

𝑟𝑟2 − 1
√𝑟𝑟2 − 1

𝑑𝑑𝑑𝑑 

      M1   M1 

= 𝑟𝑟�𝑟𝑟2 − 1 −�
𝑟𝑟2

√𝑟𝑟2 − 1
𝑑𝑑𝑑𝑑 + �

1
√𝑟𝑟2 − 1

𝑑𝑑𝑑𝑑 = 𝑟𝑟�𝑟𝑟2 − 1 − 𝐼𝐼 + cosh−1 𝑟𝑟 + 𝑐𝑐 

     M1    M1 

So 

𝐼𝐼 =
1
2
�𝑟𝑟�𝑟𝑟2 − 1 + cosh−1 𝑟𝑟 + 𝑐𝑐� =

1
2
�𝑟𝑟�𝑟𝑟2 − 1 + ln �𝑟𝑟 + �𝑟𝑟2 − 1� + 𝑐𝑐� 

      A1 (5) 

Hence 

𝐸𝐸(𝑅𝑅) =
2
3

×
1
2

× �𝑟𝑟�𝑟𝑟2 − 1 + ln �𝑟𝑟 + �𝑟𝑟2 − 1��
1

√2
=

1
3 �√

2 + ln�√2 + 1�� 

     M1 A1ft   *A1 (3) 
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