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Figure 1
Figure 1 shows a sketch of the probability density function f(x) of the random variable X.

For 1 < x < 2, f(x) is represented by a curve with equation f(x) =k %x3 —3x* +ax +1

where k and a are constants.
For all other values of x, f(x) =0

(a) Use algebraic integration to show that £&(12a — 33) = 8
C))

Given thata =5

(b) calculate the mode of X.
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2. In the summer Kylie catches a local steam train to work each day. The published arrival
time for the train is 10 am.

The random variable W is the train’s actual arrival time minus the published arrival time,
in minutes. When the value of W is positive, the train is late.

The cumulative distribution function F(w) is shown in the sketch below.

F(w)
A
14

-1.4 0

(a) Specify fully the probability density function f(w) of W.

R

2

(b) Write down the value of E(W)
1)

(c) Calculate a such that P(a < W < 1.6) =0.35
(2)

-
5%,
5
P
9%
5%
#
255
55

A day is selected at random.

)
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(d) Calculate the probability that on this day the train arrives between 1.2 minutes late
and 2.4 minutes late.
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Given that on this day the train was between 1.2 minutes late and 2.4 minutes late,

K
355
boges
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bases

(e) calculate the probability that it was more than 2 minutes late. O

)
A random sample of 40 days is taken. B
(f) Calculate the probability that for at least 10 of these days the train is e

. . "’)
between 1.2 minutes late and 2.4 minutes late. el
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3.

A manufacturer produces plates. The proportion of plates that are flawed is 45%, with
flawed plates occurring independently.

A random sample of 10 of these plates is selected.
(a) Find the probability that the sample contains
(1) fewer than 2 flawed plates,

(i1) at least 6 flawed plates.
(C))

George believes that the proportion of flawed plates is not 45%. To assess his belief
George takes a random sample of 120 plates. The random variable F' represents the
number of flawed plates found in the sample.

(b) Using a normal approximation, find the maximum number of plates, ¢, and the
minimum number of plates, d, such that

P(F < ¢) < 0.05 and P(F > d) < 0.05

where F' ~ B (120, 0.45)
(7

The manufacturer claims that, after a change to the production process, the proportion of
flawed plates has decreased. A random sample of 30 plates, taken after the change to the
production process, contains 8 flawed plates.

(c) Use a suitable hypothesis test, at the 5% level of significance, to assess the
manufacturer’s claim. State your hypotheses clearly.
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4.

In a peat bog, Common Spotted-orchids occur at a mean rate of 4.5 per m?

(a) Give an assumption, not already stated, that is required for the number of Common
Spotted-orchids per m? of the peat bog to follow a Poisson distribution.

Oy

Given that the number of Common Spotted-orchids in 1 m? of the peat bog can be modelled
by a Poisson distribution,

(b) find the probability that in a randomly selected 1 m? of the peat bog
(i) there are exactly 6 Common Spotted-orchids,

(i1) there are fewer than 10 but more than 4 Common Spotted-orchids.

(C))

Juan believes that by introducing a new management scheme the number of Common
Spotted-orchids in the peat bog will increase. After three years under the new management
scheme, a randomly selected 2 m? of the peat bog contains 11 Common Spotted-orchids.

(c) Using a 5% significance level assess Juan’s belief. State your hypotheses clearly.

S))

Assuming that in the peat bog, Common Spotted-orchids still occur at a mean rate of
4.5 per m?

(d) use a normal approximation to find the probability that in a randomly selected 20 m?
of the peat bog there are fewer than 70 Common Spotted-orchids.

(&)

Following a period of dry weather, the probability that there are fewer than 70 Common
Spotted-orchids in a randomly selected 20 m? of the peat bog is 0.012

A random sample of 200 non-overlapping 20 m? areas of the peat bog is taken.

(e) Using a suitable approximation, calculate the probability that at most 1 of these areas
contains fewer than 70 Common Spotted-orchids.
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5. The waiting time, 7 minutes, of a customer to be served in a local post office has
probability density function
1
—(18-2t) 0<tr<3
50
flry=+<1
- 3<t<5
20
0 otherwise
Given that the mean number of minutes a customer waits to be served is 1.66
(a) use algebraic integration to find Var(7), giving your answer to 3 significant figures.
)
(b) Find the cumulative distribution function F(z) for all values of .
“)
(c) Calculate the probability that a randomly chosen customer’s waiting time will be
more than 2 minutes.
2)
(d) Calculate P([E(T) - 2] < T<[E(T) +2])
(2)
18
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6. (a) Explain what you understand by the sampling distribution of a statistic. S
ey s

A factory produces beads in bags for craft shops. A small bag contains 40 beads, a ::::::%;%
medium bag contains 80 beads and a large bag contains 150 beads. The factory produces o
small, medium and large bags in the ratio 5:3:2 respectively. B

A random sample of 3 bags is taken from the factory. g:a':‘ft:f
(b) Find the sampling distribution for the range of the number of beads in the 3 bags in s
the sample. ‘B

<5
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7 <SS
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( ) boteie » 0%

A random sample of n sets of 3 bags is taken. The random variable Y represents the SR
number of these n sets of 3 bags that have a range of 70 SR8

(c) Calculate the minimum value of n such that P(Y = 0) < 0.2 SR
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Question 6 continued
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